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Abstract. We consider a model where both dark energy and dark matter originate
from the coupling of a scalar field with a non-conventional kinetic term to, both, a
metric measure and a non-metric measure. An interacting dark energy/dark matter
scenario can be obtained by introducing an additional scalar that can produce non
constant vacuum energy and associated variations in dark matter. The phenomenology
is most interesting when the kinetic term of the additional scalar field is ghost-type,
since in this case the dark energy vanishes in the early universe and then grows with
time. This constitutes an “inverse quintessence scenario”, where the universe starts
from a zero vacuum energy density state, instead of approaching it in the future.
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1. Introduction
The unification of dark matter (DM, for recent reviews see, e.g., [1, 2, 3, 4]) and dark
energy (DE, see, for instance, [5, 6, 7]) using a scalar field φ with a non-conventional
kinetic term of the form‡
√
− det(gµν + ∂µφ∂νφ) was considered in Ref. [8]. These types
of kinetic terms appear, for example, for the tachyon in string theory. In Ref. [8] also
an arbitrary potential V (φ) was considered and an action of the two measures type
[9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]
S[g, ϕi, φ] =
∫
L1
√−gd4x+
∫
L2Φd4x (1)
was analyzed. In the particular case at hand, defined by the specific choice of Ref. [8],
we take L1 and L2 as
L1 = −1
κ
R +X, L2 = X, κ = (16πG)−1, (2)
where
X = V (φ)
√
− det(gµν + ∂µφ∂νφ)√−g (3)
and the density Φ is defined by
Φ = ǫµνρσǫijkl∂µϕ
i∂νϕ
j∂ρϕ
k∂σϕ
l, (4)
in which ϕi, i = 1, 2, 3, 4 are 4-scalar fields.
Here we take L1 and L2 to be ϕi independent. The action S can then be written
as
S[g, ϕi, φ] = −
∫
R
κ
√−gd4x+
∫
V (φ)
√
− det(gµν + ∂µφ∂νφ)d4x+
∫
XΦd4x, (5)
from which it is readily seen that, apart from the new Φ-dependent term, it coincides
with the tachyon model [21, 22, 23]. A similar type of non metric structure like Φ was
used in [17, 18, 19] to study supergravity models.
The introduction of the new measure Φ provides new possibilities to realize scale
invariance, since Φ and
√−g could transform differently under scale transformations
[12, 13]; in addition one may use such models to construct brane-world scenarios where
naturally no four dimensional cosmological constant is generated and only the extra
‡ The following conventions apply: Greek indices are used to denote the components of tensors with
respect to a given choice of spacetime coordinates (e.g., gµν , µ, ν = 0, 1, 2, 3, are the components of
the metric tensor, which is taken with signature (−,+,+,+), and has determinant g); Latin indices
i, j, k, l, . . . , take the values 1, 2, 3, 4 in the main text and label a set of four scalar fields, defined
hereafter; in the appendix the range of variation of these kind of indices is 1, 2 when dealing with the
string case and 1, . . . , p when discussing the p-brane case. R is the Ricci scalar, considered in the
standard general relativistic framework as a function of the metric and its derivatives. The alternating
symbol, in a number of dimensions equal to the number of indices of the symbol, is always represented
by ǫ (for instance, ǫµνρσ is a quantity that vanishes if at least two indices take the same value, is +1
if the indices are an even permutation of (0, 1, 2, 3) and is −1 if the indices are an odd permutation of
(0 1 2 3)). G is Newton gravitational constant, and units are chosen so that the speed of light is equal
to one.
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dimensions get curved [16]. Non singular “emergent type” cosmologies are also possible
for theories of this type [17, 18, 19].
2. A unified non interacting DE/DM model
We now briefly review the model defined by eqs. (1)–(4). The variation of the action
with respect to the measure fields ϕi leads to the equations of motion
Aµi ∂µL2 = 0, (6)
where
Aµi = ǫ
µνρσǫijkl∂νϕ
j∂ρϕ
k∂σϕ
l; (7)
since det(Aµi ) is, up to a constant, equal to Φ
3, for non degenerate measures, i.e. Φ 6= 0,
we have that (6) and (7) imply
L2 =M, (8)
with M constant. For the case of eqs. (2) and (3), in a cosmological setting and with a
choice of coordinates such that g0a = 0, a = 1, 2, 3, g00 < 0 and φ = φ(t), the result (8)
implies
X = V (φ)
√√√√1 + φ˙2
g00
=M = const.
After squaring the above relation under the condition sgn(MV (φ)) > 0, we can recast
it into a form that looks like an energy balance equation,
− φ˙
2
g00
+
M2
V 2(φ)
= 1;
indeed, since we have g00 < 0, the first term on the left hand side looks like a standard
(i.e. positive definite) kinetic energy term, while an effective potential (that behaves as
the squared inverse of the potential V (φ)) can be read out of the following term and
can be stable even if the original V (φ) is unstable.
We can, then, consider the variation of the action (5) with respect to gµν , which
gives, with standard notation,
Rµν − 1
2
gµνR = T
Φ
µν + T
φ
µν ,
where TΦµν is the contribution to the stress-energy tensor coming from the new measure
and T φµν are the usual terms coming from the standard tachyon action. In the framework
of a Friedmann-Robertson-Walker cosmological scenario, we specialize the metric to the
form
ds2 = g00dt
2 + a2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdη2)
]
.
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Again (t, r, θ, η) is the standard§ choice for the coordinates commonly used in the
literature, where t is the cosmic time, k = −1, 0,+1 represents the constant curvature
of the spatial sections t = const., and a(t) is the scale factor. The first contribution on
the right hand side of the equations obtained from the variation with respect to gµν is
different from zero only for µ = ν = 0. Then the only non vanishing component of TΦµν
can be written as TΦ00 = g00ρΦ, where
ρΦ =
ΦV 2(φ)
M
√−g
(
φ˙2
−g00
)
. (9)
The non vanishing components of the stress-energy tensor contribution from φ are
instead T φ00 = g00ρφ and T
φ
ij = −gijpφ, where
ρφ =
V 2(φ)
M
, and pφ = −M.
Correspondingly, the total energy density and pressure are given by
ρtotal =
ΦV 2(φ)
M
√−g
(
φ˙2
−g00
)
+
V 2(φ)
M
and ptotal = −M.
The total pressure has a rather immediate expression, but to find the total energy density
explicitly, we must solve for Φ first. We are going to do this in the gauge g00 = −1,
using then the field equations resulting from the action
S[g, ϕi, φ] =
∫
d4x
[√−gR
16πG
+ ΦX +
√−gV (φ)
√
1− φ˙2
]
,
which, in view of the relation d/(dt) = φ˙ d/(dφ) and defining ψ = Φ +
√−g, can be
recast into the form
d
dφ

ψV 2
M
√
1− M
2
V 2

 = −
(
dV
dφ
)
ψM
V
(
1− M
2
V 2
)
−1/2
.
The above equation can be simplified into
∫
dψ
ψ
= −2
∫ (
1− M
2
V 2
)
−1/2
dV
V
,
so that
ψ =
C(r, θ)
V 2 −M2
or, going back to Φ,
Φ =
C(r, θ)
V 2 −M2 −
√−g. (10)
The undetermined function C(r, θ), which is time independent, can be fixed as C(r, θ) =
Kr2 sin θ(1 − kr2)−1/2, where K is a constant. This choice for C(r, θ) leads to an
energy density that is independent of the spatial coordinates, as the dependence of
§ The name for the azimuthal angle η is not standard, but we are already using the standard choice
to denote the scalar field with non-standard kinetic term; in any case, the azimuthal angle will play no
role in the following and will not appear anywhere else.
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√−g from them is exactly cancelled by the dependence of C(r, θ). Substituting for Φ
in the expression for the total energy density, we recognize two additive contributions,
a constant one (typical of a cosmological constant term) and an a−3 dependent one,
typical of dust. Indeed
ρtotal = M +
K
Ma3
.
3. Unified dynamical DE and DM
As we have seen in the previous section the constant of integration M serves as a
“floating” vacuum energy or “floating” DE, since M is an undetermined constant.
We now would like to promote this DE to a dynamical variable. In this respect, we
should recall the analogous situation when formulating string and brane theories with
a dynamical tension, but extending the study to the case in which there is a non metric
measure Φ in the world-sheet of the brane or string [24, 25, 26, 27, 28, 29, 30]. The
relevant background is detailed in appendix Appendix A. Here we, instead, proceed to
generalize those ideas developed for string and brane tensions, and apply them to DE,
that will then become dynamical. Moreover, since DE and DM will be studied in a
unified scheme, the DM will also turn out to be dynamical. For this we introduce, as we
did in the case of strings and branes, a new scalar field ϑ and consider the full action,
involving φ, gµν , ϕ
i (through the measure Φ) and, now, ϑ, with the following form:
S[g, ϕi, φ, ϑ] =
∫
L1
√−gd4x+
∫
L2Φd4x,
where now
L1 = 1
κ
R +X + L(ϑ)
and
L2 = X + fϑ , where f is some coupling costant.
As before, we still have
i) X defined by (3) and
ii) Φ being the non metric measure given by (4).
Our choice for L(ϑ) will be, instead, discussed later on. Now, unlike the case when
the scalar field ϑ was absent, the presence of a non trivial V (φ) makes the problem
untractable analytically in full generality. For this reason, in this paper, we will start
concentrating on the case in which V (φ) = V is a real constant. Under this condition,
the equation for φ simplifies considerably, so that it allows an exact solution. Even in
this simplified scheme, the non trivial DE and DM dynamics is quite interesting as we
will see.
To see this we start with the equation obtained from the variation of the ϕi scalars,
namely
Aµi ∂µ (X + fϑ) = 0,
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which can be solved to get, for non-degenerate Φ,
X + fϑ =M,
where againM is a constant. In a cosmological scenario, choosing coordinates as above,
having then again the components of the metric such that g0a = 0, and with φ = φ(t),
ϑ = ϑ(t), we obtain
X = V
√√√√1 + φ˙2
g00
=M − fϑ
that gives
(M − fϑ)2
V 2
− φ˙
2
g00
= 1.
In the gauge g00 = −1, we can rewrite the above as√
1− φ˙2 = M − fϑ
V
, from which φ˙ =
√
1− (M − fϑ)
2
V 2
. (11)
For V = const., the equation of motion for φ simplifies to‖
d
dt

 V Φφ˙√
1− φ˙2
+
V
√−gφ˙√
1− φ˙2

 = 0.
Defining ψ = Φ +
√−g, from the equation just written we obtain¶
ψφ˙√
1− φ˙2
= C(r, θ),
where C(r, θ) is a time independent function of integration. Solving for ψ and thanks
to (11) we can find
ψ =
(M − fϑ)C(r, θ)
V
√
1− (M − fϑ)2/V 2
,
or, equivalently,
Φ = −√−g + (M − fϑ)C(r, θ)
V
√
1− (M − fϑ)2/V 2
.
Since the new term ϑΦ in the action is gµν independent, the expression for ρΦ is still
given by (9). On the other hand, in the total energy density, ρtotal, we have to add a
contribution from ϑ: we will temporarily denote this contribution ρϑ, waiting for the
following discussion about L(ϑ) before giving a more precise characterization. Then
ρtotal =

−√−g + (M − fϑ)C(r, θ)V√1− (M − fϑ)2/V 2

×
‖ We also set g00 = −1 as before.
¶ Please, note that the arbitrary function C(r, θ) below, depends from r and from the polar angle θ,
i.e. the coordinate θ should not be confused with the additional field ϑ.
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× V
2
(M − fϑ)√−g ×
(
1− (Mfϑ)
2
V 2
)
+
V 2
(M − fϑ)√−g + ρϑ
= (M − fϑ) + C(r, ϑ)√−g
√
1− (M − fϑ)
V 2
+ ρϑ.
Correspondingly the pressure can be determined as,
ptotal = −(M − fϑ) + ρϑ.
Notice that, even if ϑ did not have a potential originally, such a term is effectively
generated by the (M − fϑ) term and by the (M − fϑ)2 term inside of the square root
that appear in the expression for ρtotal. With this in mind, in what follows we will take
ρϑ as being simply a kinetic term. We will now discuss, in more detail, the shape of this
effective potential.
4. Effective potential for the ϑ field and inverse quintessence for ghost ϑ
Once again, for the cosmological case we take C(r, ϑ) so that ρtotal is homogeneous,
which requires (for FRW spacetimes)
C(r, ϑ) =
K sin θ√
1− kr2
(K being again a positive constant); this produces an energy density
ρtotal = ρϑ − Veff.,
where the effective potential is
Veff. = −(M − fϑ)− K
a3
√
1− (M − fϑ)
2
V 2
(12)
and the choice for sign in front of Veff. will become clear after the following discussion.
Indeed, in this way we see that even if ϑ does not originally have a potential, one
is dynamically generated anyway. For ρϑ we choose just a kinetic energy density,
ρϑ = ±ϑ˙2/2, and the minus sign means that we are dealing with a ghost field. Only for
the ghost choice the sign of the effective potential in (12) is the appropriare one. It is
the ghost choice, which is, in fact, more interesting, since then the effective potential
(12) for ϑ has a minimum for each value of a.
As in the case studied in [31], where an effective potential for both DE and DM
depends on some scalar and is minimized, we also follow this procedure.
For the regular choice ρϑ = ϑ˙
2/2, Veff. has the opposite sign as compared to the ghost
choice (12), which corresponds to a maximum, not a minimum, as a→∞. Coming back
to the choice in which ϑ behaves as a ghost field, this produces an “inverse quintessence
scenario” for the vacuum energy density; as opposed to standard quintessence [32],
where zero vacuum energy is approached as a→∞, here the DE component (M − fϑ)
in eq. (12) is zero as a→ 0 and approaches its maximum value as a→∞.
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It is also interesting to notice some features in the minimization of the effective
potential (12). In particular
dVeff.
dϑ
= f − K
a3V 2
f(M − fϑ)√
1− (M − fϑ)2/V 2
,
so that, if f 6= 0 and+ M − fϑ > 0, the condition dVeff./(dϑ) = 0 can be solved (after
squaring) for M − fϑ, to obtain
M − fϑ = a
3V 2
K
(
1 +
a6V 2
K2
)
−1/2
. (13)
From the above we would like to evaluate −ϑ˙2/2, the contribution of the tachyon to the
total energy density ρtotal; this will make explicit that, both, as a → 0 and as a → ∞,
the tachyon gives a small contribution to the total energy density, which means that
our approach appears to be self-consistent, at least in those limits. Indeed, noting that
the only quantity that depends from t is the scale factor a, from (13) we obtain
−fϑ˙ = 3V
2
Ka6
(
1
a6
+
V 2
K2
)
−3/2 (
a˙
a
)
.
Then the kinetic term of the ghost ϑ field is
− ϑ˙
2
2
= − 9V
4
2K2f 2a12
(
1
a6
+
V 2
K2
)
−3 (
a˙
a
)2
.
Since (a˙/a)2 ∝ ρtotal, when we consider the limit a→ 0, we have that
− ϑ˙
2
2
a→0≈ const.× ρtotal × a6;
moreover, in the limit a→ +∞, we have
− ϑ˙
2
2
a→+∞≈ const.× ρtotal
a12
.
So, in both cases, the ghost contributes very little (vanishingly in the limit) to the total
energy density.
5. Discussion and conclusions
In this paper we have seen that the use of non conventional kinetic terms for a scalar
field φ in the form V (φ)
√
− det(gµν + ∂µφ∂νφ) can provide a unified picture for DE and
DM, when such terms are considered in the framework of a two measures approach.
DE and DM exchange can be introduced in a way similar to what we have considered
before to describe the role of a dynamical measure Φ as a way to model a dynamical
tension in string and branes [24, 25, 26, 27, 28, 29, 30]. For this an additional scalar field
ϑ can be introduced, such that an integration constant M , with the role of DE density,
is replaced by M − fϑ (f being some coupling constant). This procedure automatically
+ The additional factor K/(a3V 2) is, naturally, never negative.
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induces a DE density, that, in fact, goes asM−fϑ, and an effective dust energy density,
that goes as K
√
1− (M − fϑ)2/V 2/a3, when solving for constant V .
Another byproduct of our framework is an effective potential, induced for the field
ϑ, which is thus responsible for the DE/DM dynamics. The sign of the effective potential
for ϑ depends on the sign we take for the kinetic term for ϑ. Most interesting from the
phenomenological point of view is the choice of ϑ as a ghost field. Indeed, from the
choice of ϑ as a ghost field an “inverse quintessence scenario” for the vacuum energy is
obtained, when the DE M − fϑ is zero as a→ 0 and approaches its maximum value V
as a→∞. In both limits, we have shown that the contribution of the ghost field to the
total energy density is negligible.
It is interesting to compare our results with those of other models for DE and DM
that have been considered in the recent literature. For example in [33] an increase of
the DE density is also realized, although as opposed to our case there such increase
is unbounded. We remark, however, that in our case the DE density starts from zero
and then grows to a finite fixed value at large times and that this effect is realized in
a unified model of DE and DM. Another model that realizes DE/DM unification and
has been studied in detail is the Chaplygin gas model [34, 35]: in this model it is also
possible to derive a tachyon type Lagrangian [36]. DE/DM unification models are safe if
a sufficient fraction of initial density perturbations collapse into a gravitationally bound
condensate that can provide cold dark matter seeds for large-scale structure formation
[37] and we expect to be able to perform this check also in our model, for instance along
the lines discussed in [36]. This and other more phenomenologically related aspects will
be considered in a future work.
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Appendix A. Strings and branes with dynamical tension
Here we would like to review the role of the alternative measure Φ in the context of
strings and brane theories, and then also how this can be used to construct models
with varying string and brane tensions: this will be analogous to what we did in four
dimensional cosmology.
In the context of Polyakov formulation of string and branes, we use the world sheet
metric γab and the standard (Riemannian) volume element
√−γdDσ, where γ = det(γab)
is the determinant of γab. A central feature of this volume element is reparametrization
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invariance, but reparametrization invariance can also be obtained if we define p scalars
ϕa, a = 1, 2, . . . , p and use as the volume element
Φ = ǫi1...ipǫ
µ1...µp∂µ1ϕ
i1 . . . ∂µpϕ
ip,
where ǫµ1...µp and ǫi1...ip are the alternating symbols. With this definition Φ transforms
exactly as
√−γ under reparametrization transformations.
A straightforward use of the measure Φ in string theory is somewhat problematic
however. Indeed, if in the Polyakov action
SP[X
α, γcd] = −T
∫
dσ0dσ1
√−γγabgµν∂aXµ∂bXν
we simply replace
√−γ by
Φ = ǫabǫij∂aϕ
i∂bϕ
j
we obtain the action
S1[X
α, γcd, ϕ
k] ∼ −
∫
dσ0dσ1Φγabgµν∂aX
µ∂bX
ν . (A.1)
The above is not satisfactory since a variation with respect to γab gives
Φ∂aX
µ∂bX
νgµν = 0,
which means that either Φ = 0 or that the induced metric on the string vanishes.
To improve the situation we notice that the use of the measure Φ opens new
possibilities for allowed contributions to the action. Let us consider, for instance, the
case when a contribution of the form
√−γL is a total derivative: then after changing
the measure, it could certainly by that ΦL is not a total derivative. This is exactly the
situation if
L =
ǫab√−γFab, where Fab = ∂aAb − ∂bAa.
So, if we consider the action
S = S1 + Sgauge, (A.2)
where S1 is given by (A.1) and
Sgauge[γcd, ϕ
k, Aa] =
∫
dσ0dσ1Φ
ǫab√−γFab,
we see that (A.2) is much more interesting. It is conformally invariant, provided ϕk are
transformed as
ϕi −→ ϕ′ i = ϕ′ i(ϕj), Φ −→ JΦ
where J = det(∂ϕ′i/(∂ϕj)) and γab transforms as
γab −→ γ′ab = Jγab.
The variation of the action with respect to ϕk gives
ǫab∂bϕ
k∂a
(
−γcd∂cXµ∂dXνgµν + ǫ
cd
√−γFcd
)
= 0.
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If det(ǫab∂bϕ
k) 6= 0, which is true if Φ 6= 0, then the equation just above implies
− γcd∂cXµ∂dXνgµν + ǫ
cd
√−γFcd =M = const. (A.3)
Considering then the variation with respect to γab we obtain
− Φ
(
∂aX
µ∂bX
νgµν − 1
2
γab
ǫcd√−γFcd
)
= 0. (A.4)
Solving for ǫcdFcd/
√−γ from (A.4) and substituting in (A.3) we get
∂aX
µ∂bX
νgµν − 1
2
γabγ
cd∂cX
µ∂dX
νgµν − 1
2
γabM = 0;
taking the trace of the above equation gives M = 0.
If we now look at the equation of motion obtained from the variation of the gauge
field Ac, we obtain
ǫcb∂b
(
Φ√−γ
)
= 0,
which can be integrated to obtain Φ = T
√−γ; the constant of integration T has indeed
the meaning of a string tension.
All the above can be straightforwardly generalized to branes. Indeed, the relevant
action for a p-brane is
S = Sp + Sp−gauge
Sp[X
α, γcd, ϕ
k] = −
∫
dp+1σΦγab∂aX
µ∂bX
νgµν
Sp−gauge[γcd, ϕ
k, Ab1...bp ] =
∫
dp+1σΦ
ǫa1...ap+1√−γ ∂[a1Aa2...ap+1],
with Φ now defined in terms of p+ 1 scalars as
Φ = ǫa1...ap+1ǫj1...jp+1∂a1ϕ
j1 . . . ∂ap+1ϕ
jp+1.
The variation with respect to the gauge field Aa1...ap gives
ǫa1...ap∂a1
(
Φ√−γ
)
= 0,
which again means Φ = T
√−γ, where T = const. is then a dynamically generated brane
tension. The equation of motion obtained from the variation of the ϕj fields gives (for
Φ 6= 0)
−γab∂aXµ∂bXνgµν + ǫ
a1...ap+1
√−γ ∂[a1Aa2...ap+1] = M.
Solving for the last term on the right hand side and considering also the equation
obtained from the variation with respect to γab, one gets
γab = −p− 1
M
∂aX
µ∂bX
νgµν .
If M < 0 (since p > 1), then by rescaling we obtain that γab is the induced metric on
the brane.
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We can now consider the more general case of the coupling of strings and branes
to external sources. If we add to the action of the brane a coupling to a world sheet
current ja2...ap+1,
Scurrent =
∫
dp+1σAa2...ap+1j
a2...ap+1,
then the variation with respect to Aa2...ap+1 gives
ǫa1...ap+1∂a1
(
Φ√−γ
)
= ja2...ap+1 , (A.5)
and what will be practically interesting for us in this work will be the case when a bulk
scalar field φ induces the current ja2...ap+1 , as in the following (q will be some coupling
constant)
ja2...ap+1 = q∂µφ
∂Xµ
∂σa
ǫaa2...ap+1 = q∂aφǫ
aa2...ap+1 .
Then (A.5) can be integrated to obtain
Φ√−γ = qφ+M,
which is the analogous to equation (10) in the cosmological case.
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